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THE COLUMN ANALOGY 


I. INTRODUCTION 


1. Purpose of the Monograph.—The object of this bulletin is to 
present some theorems dealing with the elastic analysis of continuous 
frames. In ordinary cases these theorems are identical in form with 
the theorems, with which every structural engineer is familiar, for 
finding internal stresses in beams and struts. 

The subject of structural mechanics is now experiencing demands 
for greater precision by the very accurate analyses demanded in the 
design of airplanes. In any case it is of the greatest importance to 
isolate definitely those matters which are sources of uncertainty from 
those which are certain and hence not proper fields of experiment. 

Problems dealing with the analysis of restrained flexural mem- 
bers—straight beams, bents, arches—occupy a large space in struc- 
tural literature. The treatment often presented involves complicated 
equations; in nearly all cases the method of solution is hard to 
remember. 

If the elastic properties of the different portions of the structure 
are definitely known, the analysis of restrained members is essentially 
a problem in geometry, because the member must bend in such a way 
as to satisfy the conditions of restraint. The geometrical relations 
involved are identical in algebraic form with the general formula for 
determining fiber stress in a member which is bent. 

Since the analysis of problems in flexure is a familiar procedure to 
structural engineers, it is advantageous to state the relations involved 
in the analysis of fixed-end beams, bents, and arches in terms of the 
beam formula. The advantages for structural engineers are similar 
to those which result from using the theorems of area-moments in 
finding slopes and deflections of beams; in some respects the concepts 
involved are identical, and the use of the beam formula in the analysis 
of restrained members may be thought of as an extension of the prin- 
ciples of area-moments. The general conception referred to in this 
monograph as the “column analogy”’ includes the principles of area- 
moments and also the conception of the conjugate beam.* 

In this bulletin it is shown that bending moments in arches, 
haunched beams, and framed bents may be computed by a procedure 


*See H. M. Westergaard, ‘‘Deflection of Beams by the Conjugate Beam Method,” Journal of 
Western Society of Engineers, December, 1921. 
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analogous to the computation of fiber stresses in short columns subject 
to bending, and that slopes and deflections in these structures may 
be computed as shears and bending moments, respectively, on 
longitudinal sections through such columns. 

The theorem makes available for the analysis of plane elastic 
structures the literature of beam analysis, dealing with the kern, the 
circle of inertia, the ellipse of inertia, graphical computations of 
moments and products of inertia, and conjugate axes of inertia. 

Certain terms are defined in such a way that the method is. ex- 
tended to include the effect of deformations due to longitudinal stress 
and to shear in ribbed members, and to include trussed members. 

The conceptions used in arch analysis by these methods make 
possible a general statement of the relations of joint displacements to 
joint forces, of which the familiar equation of slope-deflection* is a 
special case, and hence make possible the convenient extension of — 
the method of slope-deflection, or of the theorem of three moments, to 
include curved members and members of varying moment of inertia. 

The method here presented has application in the fields both of 
design and of research. In the field of design we use certain physical 
properties of the materials, which are necessarily assumed. In re- 
search we may either resort to the laboratory and study by empirical 
methods the properties of the structure as a whole, or we may study 
only the physical properties of the materials themselves, and depend 
on the geometrical relations to determine the properties of the struc- 
ture. It seems obvious that the geometrical relations are not them- 
selves a proper subject for experimental research. 

The relations pointed out in this bulletin have at first been care- 
fully restricted to geometry, and the assumptions which are necessary 
to apply this geometry to the design of structures are developed later 
in the discussion. 


2. Validity of Analyses by the Theory of Elasticity.—The mathe- 
matical identity of the expressions for moment in an elastic ring and 
for fiber stress in a column section has some value in considering in a 
qualitative way the general validity of analyses based on the elastic 
theory. 

It appears at times that engineers are not altogether discriminat- 
ing in considering the value of elastic analyses, and seem to hold that 


one must either accept as precise the results of such analyses or reject 
entirely their conclusions. 


*“Analysis of Statically Indeterminate St - i i 
Himes ee eae inate Structures by the Slope-Deflection Method,” Univ. of 
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Now no one but a novice accepts without discrimination the re- 
sults of the beam formula. It is open to many important objections, 
such as lack of homogeneity of the material, effect of initial deforma- 
tions, and other defects; and yet it is difficult to conceive of modern 
structural design existing without the beam formula, nor is anyone 
seriously disturbed because lack of homogeneity modifies somewhat 
the properties of the section, or by the fact that imperfect elasticity in 
the material makes invalid the superposition of stresses determined by 
the beam formula for different conditions of loading. Moreover the 
beam formula becomes a most inaccurate guide to the maximum 
stress in any section near the point of failure; and yet it is still true 
that one can scarcely conceive of modern structural design without 
the guidance of the beam formula. 

Similarly we say that in an elastic structure the value of H may 
vary from section to section, that imperfect elasticity makes super- 
position of stresses not quite correct, and that near failure the method 
has only limited application. The normal process of structural design 
is to determine moments and shears, and from these fiber stresses. 
Whatever procedure is followed in the determination of the moments 
and shears, the beam formula is used for final determination of stress. 
There seem to be grounds for believing that the elastic analysis of an 
arch or bent with truly fixed or truly hinged ends has greater validity 
than does the method of analysis used later in design. The question 
of foundation distortion and of its effect involve engineering judg- 
ment. Elements involving judgment should be clearly isolated so 
that the limits of such judgment can be established. 


3. Acknowledgment.—The bulletin was written as a part of the 
work of the Engineering Experiment Station of the University of 
Illinois, of which Dean M. 8S. Kercuvm is the director, and of the 
Department of Civil Engineering, of which Pror. W. C. HuNTINGTON 
is the head. The computations were made by M. F. Linprman, 
Research Graduate Assistant in Civil Engineering. 


II. ANALYSES FOR FLEXURAL STRESS 


4. General Equation of Flexural Stress.—Equations for stress due 
to flexure are usually based on the assumption that the variation of 
stress over the cross-section may be represented by a linear equation. 
This assumption is based on the assumption that the beam axis is 
‘straight and also on the assumption, based chiefly on experimental 


ere. 
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observations, of the conservation of plane right sections and of the 
proportionality of stress to strain. 

It will be shown later that none of these assumptions is necessary, 
and that the same general form of equation may be used whatever 
the facts as to variation of stress intensity over the section, provided 
the facts as to the shape assumed by deformed sections and the 
stress-strain relations are definitely known. For the present, however, 
a linear equation of stress variation over the section will be assumed. 
The stress will then have the general equation f = (a + bx + cy), in 
which the coefficients a, b, c, are to be determined from the statical 
conditions which state that the sum of the fiber resistances must equal 
the applied load and that the sum of the moments of these fiber 
resistances about any axis in the plane of the section must equal the 
moment of the applied loads about that axis. 


Let x, y = coordinates of any point on the cross-section along any 
two mutually perpendicular axes X and Y through the 
centroid of the section. 

f = intensity of normal stress at point «, y 


A = area of section 
I, = fx2dA = moment of inertia about axis Y (along the 
axis X) 
I, = fy?dA = moment of inertia about axis X (along the 
axis Y) 
l.y = f-xzydA = product of inertia about axes X, Y 
P = normal component of external forces 
M, = moment of external forces about axis Y 
M, = moment of external forces about axis X 
Also write 
Bs 
M’,=.M,— M,— 
ly 
t Ty 
M’', = M,—-—M OT ae 
I, 
y has = 1h ae 1 — 
y 
Ley 
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All these terms are practically standard in the literature of flexure 
except the “skew” terms designated by primes. 


Write: f =a-+ ba + cy 
Then, from statics, 2V = 0 


whence: P= ffdA =afdA+bf2adA +cfydA 


Since the axes are taken through the centroid, {“xdA = 0 and 
P 
JS ydA = 0, by definition of centroid. Then P = aA, a= The 
The total moment about the axis of Y equals zero, whence 
M,= ffrdA =afxdA +bfaddA +cfxydA 
= b1, + clay (1) 
The total moment about the axis of X equals zero, whence 
M,=SfydA =afydA + bfaydA +cfydA 
= bl, + cl, (2) 
Ae Ley 
Multiplying (2) by Fone and subtracting from (1), 
y 
Tos 
M,—M, ie mu’. 
az eons ol 
2 a xy ie 
Multiplying (1) by pee and subtracting from (2), 
Beg 
M,-—M, ie uM’, 
c= = 
Wy, I bes 
Lege Lag T 
Hence 
ee M', M’, 
age etn rae 3 
i A 1] i ee. zt = I his y ( ) 


siuhee 
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At the neutral axis f = 0. The equation of the neutral axis, 
then, is 
P M’, M’ 


y 
Ao 1 Re 
and the intercepts of the neutral axis are 
i P 
A A 
Cea y= — aye 
5 A vhs 


Equation 3 is a general equation of flexure for all cases if we as- 
sume linear variation of stress intensity. In order to apply it, it is 
first necessary to know the area and centroid of ‘the section and 
I,, I,, Iz, for two mutually perpendicular axes through the centroid. 
The products of inertia should be computed first about the most con- 
venient axes and then transferred to parallel axes through the 
centroid after this is located. 

The foregoing brief statement of the formula contains all informa- 
tion necessary to its application. Like all mathematical relations, 
it is subject to unlimited variation of form. The general formula 
may be stated for principal axes, conjugate axes, neutral axis, kern 
axis; the S-polygon may be computed; the moments and products of 
inertia may be evaluated by summation, by integration, or graphi- 
cally by use of the properties of string polygons; these moments and 
products of inertia may be combined to give the desired constants in 
the function for (f) by use of the circle of inertia or the ellipse of in- 
ertia, using in the latter case the polar properties of the ellipse. These 
are interesting lines of mathematical investigation; wherever they add 
appreciable convenience to the solution of the problem, any selected 
portions of the literature of flexure may be used. 

It may sometimes be more convenient to concentrate all ““prime”’ 
expressions in one term of the formula. Write 

Pea: M’, je AE. M', Mi ei 
ees joe ae pee TG ry [72 -Fe |e 


the bracketed term reduces to 


ie 
M,-M.7 
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We then write 


1) 


y 


where y= ye 


This expression will, however, usually be found less convenient than 
that given in Equation (3). 
Some special cases of the general equation are more familiar. 


If I,, = 0, as in a symmetrical section, 


je We ae, 


Dita pene ry ea (3a) 
fits) 0. and J5,-=" 0; 
eM, 


If one of the axes is normal to the plane of bending, J,, = 0, and 
Pe= (0). 


M, 
f= 7% the usual beam formula. (3¢) 


If there is no bending, 
Ve! 
bpm rt (3d) 


The kern of a section may be defined as that portion of the section 
within which a normal compressive force must act if all of the section 
is to be in compression. It is sometimes useful where it can be con- 
veniently found. 

| If flexure is about one principal axis of a symmetrical section, the 
stress at the outer fiber is 


be 
(eo aes: 


1where zx is the distance from the centroidal axis of Y to the outer 
‘fiber. 
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The distance os to the edge of the kern for this fiber can be found 


from P Pes ; 
2 oe ae 
vie ps 
SP ae Az, Pie 


where p; is the radius of gyration. 


Let M;, be the moment about the edge of the kern, 


i 
My = M.+ P a 
2 M, na M pee M, 6 
Then ei be Remy ici 62 u Ai). ina (6) 


In computing the stresses in frames it is often convenient to 
compute the moments about the kern points and apply formula (6) 
to obtain the stress directly. 


5. Form of Computation Recommended.—The arrangement of 
computations in applying the general equation for flexural stress is 
important where the computations are involved. It is convenient to 
first compute the properties of the section and the bending moments 
with reference to some convenient pair of axes. These properties are 
later corrected for axes through the centroid of the section and then 
corrected for lack of symmetry of the section. 

A few illustrations are given to indicate the arrangement recom- 
mended. This arrangement is emphasized here because of its use 
later in computations required in analyses of restrained beams. 

Compressive fiber stresses are taken as positive and loads which 
produce compression as positive. Codrdinates will be taken as 
positive when measured upward or to the right from the axes. Posi- 
tive moment produces compression on the positive side (top or right- 
hand side) of the section. 


Problem 1.—Unsymmetrical Section Unsymmetrically Loaded 


It is desired to find the neutral axis and a measure of the fiber 
stress in the section shown in Fig. 1. The section is unsymmetrical, 
and the elements have widths so small that their moments of inertia 
about their longitudinal axes may be neglected. The section is loaded 
at point P, shown in the figure with a load of 10 000 lb. 
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~-——- n ae = ee eae 
t sly Bate 
\ Axls 
Rye 
- ‘ 
1 
Properties of te Secor? Load 


Comowed 


] SVA/CO/ 
VTOUNE/IS 


Giver? Comoured 


Alen 


6.748 
0 
+/0, 790 


Correc? 7o 
CHT O1Y 


Correct for 


Lissy@unelty , 
———————E——— Es 


VVCTCEOIS nA San?) 
or MA 211 REIS) X= or G= Za 


Flber Siress ar ary Fottat = Lex (Vertica/ Distarsce to Neutral Axis) 
= 22220 x (Vertica/ Distance to Neutral Ax/s) 
or = 24x (Horizontal Distarice to Neutral Ax/s) 
= "23600 X (Horizontal Distarce to Vewtral Ax/s) 


Fiag. 1. EXAMPLE oF AN UNSYMMETRICAL SECTION 


Assume two convenient axes, in this case a horizontal axis X-X 
‘through the centroid of the portion of the section marked a and a 
‘vertical axis Y-Y through the centroid of the portion of the section 
imarked 6. 

Tabulate first the known properties of the section and of the load. 
‘These are a description or key letter for each member, the length, the 
‘width, the coérdinates x and y to the centroid of each member, the 
lload, the codrdinates of the load, or the moments about each of the 
ttwo axes. 
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Now compute the statical moments of the areas of the members 
about each of the two axes. 

Also compute the products of inertia.* These are computed as 
area times product of codrdinates of the centroid plus the centroidal 
product of inertia. The latter equals 142 area times product of pro- 
jections on the two axes. Signs are entirely automatic. It should be 
remarked, eae that a product of inertia about the centroid is 


positive when — Ean the member is positive, that is, when the member 


dx 
slopes up to the right. 

Add columns to get total area, total statical moments, total 
products of inertia. If there are several loads or moments, add these 
also for total load and total moments. 

Correct to the centroid. Divide the statical moments by the area 
to give the coédrdinates, x = +0.41, y = —0.23, of the centroid. 
Compute Az? = 0.8, Ay? = 0.3, Azxy = —0.5. Also compute 

z = +4100, Py = —2300. 


The signs are still automatic. Subtract the corrections to give 
products of inertia and moments about the centroidal axes. 


doe 
Correct for dissymmetry. Compute I[,, = as = +10.6, and 
I Ep Ey 
M, ee =i 22'300 1 2, I. = +4.4, and M, —— fos; —10 000. 


The signs are automatic here also. Again subtract the corrections. 


Now compute 


We BE 
A A 

u=- Ww, ~ —7.11,y¥, = — M’, = +2.13 
ip To 


These are the intercepts of the neutral axis on axes through the 
centroid parallel to the original axes. 


The fiber stress at any point may be found by multiplying the 


/ 
vertical distance from the neutral axis by = = — = or by 
7 : 


* 
ares A moment of inertia is merely a special case of product of inertia where the same axis is taken 
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Neutral 
AXIS 
2 0. a 
= - iM Cortrold 
N ib 
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w” +042 
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P=1O0000- 030° 
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& bd 


Prqgoerties of the Sectior7 Load 
Giver? COMIOUTED y 
‘ RNIN Sra ica/ Giver Comoured 
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| See ee eee 7 
B50 Q 
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Uva L432 +£0 000 |-24 £00 
Are ited | 
WHCLCEOIS | _ oA eA) 
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Ly Lf 


fiber Stress, ar Wy FOI = Shy (Vertical distarrce to neutral ax/s) 
Y 


= “EH (Vertical adlstorzce ro rewtral ax/s) 


Or, = a * (Horizontal distarzce to Peytral axis) 


x 
= *20000 (Horizontal dstarice ro reutral ax/s) 


Fig. 2. ExAMPLe or A SYMMETRICAL SECTION, UNSYMMETRICALLY LOADED 


multiplying the horizontal distance of the point from the neutral axis 
Vs +23 600 

oy = $3.0 
It will be observed that the sign of the stress is also automatic. 


/ 


ie y 
Since ie 
y 


is negative, positive stress (compression) exists below the 


REE 
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/ 
x 


neutral axis. Similarly, since 7! is positive, compression exists to 
xz 


the right of the neutral axis. 


Problem 2.—Symmetrical Section Unsymmetrically Loaded 


If the section is symmetrical, the same order of procedure is fol- 
lowed, except that there is no product of inertia about the two axes 
and no correction for dissymmetry. 

The problem just solved has been somewhat modified in Fig. 2 for 
a symmetrical section. The computations follow the order of the 
previous problem. 


Problem 3.—Symmetrical Section Symmetrically Loaded 


If, further, the section is loaded symmetrically about the axis of 
symmetry, computations of the properties of the section about that 
axis may be omitted. An illustration is shown in Fig. 3. 


6. Transformed Section.—In deriving Equation (3) for fiber stress 
due to flexure it has been assumed that f is a linear function of 2, y. 
The same type of expression may also be derived if fn is a linear 
function of x, y where n varies for different points on the section. 
In this case the equations of statics are satisfied if in place of dA we 


dA dA 
write ey that fn ee fdA. The differential areas dA are then to 
be divided by the values of n. 


dA dA 

a cio) ae ge nee? 
Ih -{= 2 — dA 

a, oF n x Tey, —e n xY 


where x and y are measured from the centroid of the section having 


differential areas —. 
n 


The section thus defined, in which each area dA is replaced by an 
dA 


area ~~ , may be called the “transformed section.’ For it we may 


derive, by the algebraic process used in deriving Equation (3), 
Po ies Mm’, 

Ta Akt cl) ae (4) 

the “skew” terms indicated by primes being defined in their relations 


Pea: kot need 
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Froperties of the Sect/ar7 i Load 
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WWE CEO'S 
Ora \ fee 


Fiber Srwress at ara Fotr7t = pe (Vertical distarzce to neutral ax/s } 
Y 


=e. (Vertical distance to neutral ax/s) 


Fig. 3. EXAMPLE OF A SYMMETRICAL SECTION, SYMMETRICALLY LOADED 


to the other terms just as in Equation (8). From the values of nf 


n, 
we may get f = cee 


This method has been used in analyzing beams of reinforced 
concrete on the usual assumptions as to the mechanics of such beams. 
In this case it is assumed that plane sections remain plane and hence 


that t ds is a linear function of x, y. If the two sections between 


which deformation occurs are parallel, as in a straight beam, ds is 


constant across the section. Hence i is a linear function of 2, y. 
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The value of E here may be taken as relative. The modulus of con- 
crete in compression is taken as unity, that of concrete in tension as 


zero (unlimited strain without stress), and that of the steel as z 


The section then is transformed by multiplying the area of the steel by 


a , and that of the concrete in tension by zero. Finally, the apparent 
stress found in the concrete in tension is multiplied by zero, and that 


K, 
in the steel by i 


This method has been traced out in detail in this elementary case 
because it has broader usefulness. If the stress-strain diagram is 
known for any material it is a simple matter to deduce stresses for 
given loads on a section if we accept the assumption that plane sec- 
tions remain plane. In such a case we would first analyze on the as- 
sumption of Hooke’s Law, then transform the section by multiplying 
each differential area by the relative value of H corresponding to the 
stress just deduced. This transformed section is then analyzed and 
the deduced stresses multiplied by the relative value of H. Successive 
revisions will furnish any desired precision. 

Another important application occurs in the case of beams having 
sharp curvature. Here it is usual to assume that plane sections 


ds 
remain plane and also that Hooke’s Law holds. Hence ee is a linear 


function of x, y. The modulus £ is constant, but ds varies across the 
section, since the two sides of the differential element are not parallel. 

The value of ds varies as the distance of each fiber from the center 
of curvature of the beam (see Fig. 4). We may, then, transform the 
section by dividing the width at any point by the radius of curvature 
Rk at that point. The properties of this transformed section are then 
determined. It will be shown later that these may all be deduced 
from the known properties of the original section and the area of the 
transformed section. 

The values Rf are then found from Equation (4). These values of 
Rf are then divided by the values of R to give the fiber stresses. 

It should be noted here that the moment to be used in this case is 
the moment about the centroid of the transformed section and not 
about the centroid of the original section. The centroid of the orig- 
inal section has no special significance in this problem, and certain 


awkward characteristics of the so-called Winkler-Bach formula arise 
from neglect of this fact. 
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Fic. 4. Stament or A Curvep Bram 


In the usual treatment of curved beams the proportionality of 
stress to strain has been assumed. This, however, is not necessary. 
If Hooke’s Law does not apply, but right sections plane before bend- 

ds 
ing remain plane after bending, the value of is a linear function of 
x, y and the section may be transformed by dividing the differential 


ds 
areas by jae Hence sharply curved members of reinforced concrete, 


such as sometimes occur, may be analyzed by use of the transformed 
section. Brackets in rigid frames approximate this condition. 

The transformed section could also be used either in combination 
with or without Hooke’s Law to deal with cases in which plane sec- 
tions do not remain plane in beams either straight or curved, provided 
we know anything or wish to assume anything as to the shape as- 


ds 
sumed by the plane after bending. In this case ee is not a linear 


ds a 
function of x, y but c is such a function, where r = y defines the 


curvature of the deformed section, as shown in Fig. 5. The section 


[Plane Section, kotrated 


7 Assumed CUVATUT A 
orf Flare Sectior 


€ 
Fia. 5. Ratio, r= a 
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Er 
can then be transformed by multiplying each differential area by Ge F 


A full understanding of the theory of the transformed section 
seems desirable in computing stresses in any case in which the stress 
distribution over the section is not linear. It has special advantage 
in such cases in dealing with problems involving continuity or defor- 
mations because in such cases if the transformed section is used the 
same methods are applicable in the analysis by the theory of elasticity 
as would be used where the stress distribution is linear. This will be 
explained in detail later. 


Ill. Tur Cotumn ANALOGY 


7. Formulas Similar to Flexure Formula.—The flexure formula, 
then, is a solution not only of the problem to which it is usually ap- 
plied of determining stresses where the variation of stress over the 
cross-section is linear and also, as shown in discussing the use of 
transformed sections, where this variation is not linear, but is a gener- 
al type for the solution of certain algebraic problems. It will be shown 
that the problem of analyzing arches, bents, and beams with fixed 
ends in general is such a problem. The flexure formulas, at least for 
the special case of symmetrical flexure, are familiar tools to struc- 
tural engineers, and therefore furnish a conveniently remembered 
routine in treating certain problems in elastic analysis. 


8. Geometry of Continuity.—Consider any closed ring as shown in 


Fig. 6. Suppose this ring to be cut at A and that a certain rotation o 
takes place at B. 


At A there is now produced 
(a) A relative rotation of the two sides of the cut; = 
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(b) A relative vertical displacement of the two sides of the 


cut, = ox 
(c) A relative horizontal displacement of the two sides of the 
cut, = oy 


If the ring is continuous there is actually no relative movement of 
the two sides of the cut.’ Distinguish the rotations which occur 
around the ring as those which would occur if the ring were cut and 
those which result from the continuity at A. Call the first ¢,—rota- 
tions due to the forces which are statically determined—and the 
latter ¢;—rotations due to forces which are statically indeterminate. 
Then, if continuity exists, 


Los a= Zo; 
VHuL = VHix 
Zosy = ZHy 


The rotations ¢; are due to equal and opposite forces on the two 
sides of the cut section at A. Any moments in the ring due to these 
forces will be a linear function of wv, y. Call these moments m; 


; 
mds ds, 
th if freee eee a i (a) 
en * mids Si ds 
di 
fom ras xds = fo (b) 
di 
fom Be yds = fey (c) 


where m; is a linear function of 2, y. (d) 

The values on the right-hand side of the equations are assumed 
to be known constants. 

These relations are satisfied by an equation of which the equation 
of flexure is a type. 

Thus we may write m; = a-+ be + cy where a, 6b, and ¢ are 
unknown coefficients to be determined from the three relations of 


indeterminate moments. If for ¢; we write m; 


v 


continuity just given. Designate the physical constants ra —the 


rotations per unit of moment per unit of length—by the letter w (for 
width of the elastic section as defined later). 

Then fmiwds = afwds + bfwdsx + cfwdsy = f $s 

If the axes are taken through the centroid as defined by the 


S ¢s 


equations f wdsa = 0, and fwdsy = 0, a = nds 
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Also [ miwdsx = af wdsx + bf wdsx? + cf wdsxy 


or = bf wdsx? + cfwdsxy = Sf o& 
and S mwdsy = afwdsy + bfwdsxy + cf wdsy? 
or = bf wdsry + cf wdsy? = f by 
wdsx ? 
Multiplying (2) by fe and subtracting from (1) 
S wdsxy 
: S bit — S by S wdsy? 
3 S wdsxy 
pie oe i 
S wdsx? — fwdsry mist 
wdsx ; 
Multiplying (1) by fet and subtracting from (2) 
S wdsxy 


Soy — SF bit Pi gaye 


c 


v S wdsxy 
S wdsy? — fwdsxy Patent 
Hence 
S wdsxy 
fone S ¢s He S bs = Sosy S wdsy? a 
‘  f-wds ; ‘ S wdsxy 
S wdsx? — fwdsay ier 
S wdsxy 
if Soy — S bat S wdsx? 
af wdsay 9 


ype pie 
S wdsy? — fwdsxy (ie 


(1) 
(2) 


If we conceive a narrow strip along the axis of the arch having a 


a 


variable width w = 


ae then it is evident that wds corresponds to a 


differential area. If we treat this whole strip as an area A, we may 


conveniently write 

JSwds = A 
SrodsGs =a, 
S wdsy? = ty 
S wdszy = Izy 

Vere 
ty fe 
bss 
“v T, 


Iz—T1 


jee i 
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Also ¢, corresponds to a load. If we call these known rotations 
along the axis elastic loads, we may conveniently write 


S osu = WM, 
Soy =M, 
I, 
and M,—M,— =M’, 
I, 
Loy ; 
M,—M, re = M’, 
ig MT M', 
Hence Lala = a x+ iv, y 


9. The Analogy.—lIf the effects of flexure only are taken into ac- 
count there exists, then, an exact algebraic parallel between the in- 
determinate moments in an elastic ring and the fiber stresses on plane 
normal sections of a short column, as follows: 


: ¢ : 
1. The stiffness - of each short length of axis corresponds to a 


differential area a. 

2. The indeterminate moments m; correspond to stress inten- 
sities on the column section. 

3. The known angle changes correspond to loads P on the 
column section. These angle changes may be due to external 
forces acting on the structure, or to other causes, such as rotations 
of abutments. 

Consider any single-span plane structure, with axis either straight 
or curved, and with any variation in cross-section, subjected to known 
loads. Draw any curve of moments for these loads consistent with 
static equilibrium. 

Picture a short length of column, a section of which has the same 
shape as the side elevation of the beam axis and a very small width 
varying along the axis as the elastic width defined above (w = rae 
angle change for unit moment along a unit length). 

Load this column with an intensity of load over these elastic areas 
equal to the bending moment given by the curve of moments just 
computed. The change in moment produced by restraint will now 
equal the fiber stresses which would exist on cross-sections of this 
column. The total moment at any point equals the net intensity of 
pressure—difference between load intensity at top and reaction 


26 ILLINOIS ENGINEERING EXPERIMENT STATION 


(a)-Bearn with Fixed Eras ()-Haunched Beat 


ap 
as? 


s 
. 
% 
% 


LE 
<LI H 


(e)-Sugoorred 
Fressurre COp7ai//7 


(d)-Arch with Fixed Eras, 
Vertical and Harlzorual Loading 


Fic. 7. Types or ANatocous Cotumn SEctTIons 


THE COLUMN ANALOGY Qi 


_ intensity at bottom—at the corresponding point on this column 


section. 

We have seen that a rotation in the beam corresponds to a load 
on the analogous column. Equal and opposite rotations about two 
centers produce linear movement normal to the line of centers. 


_ Hence, in the analogy, a linear displacement in the beam corresponds 


to a couple on the analogous column about the axis of displacement. 

These rotations and displacements in the beam may be due to any 
cause whatever, abutment displacement, temperature change, forced 
distortion by jacking, or they may be imaginary displacements gen- 
erating influence lines according to the principle of influence lines as 
stated by Miiller-Breslau. 


10. The Elastic Column and Its Load.—The analogy just stated 
furnishes a convenient mental picture of the relations of the moments 
in restrained members. In Fig. 7 are shown some sketches corre- 
sponding to these conceptions. The shaded area is the section of the 
column of any short length. 

In Fig. 7a a straight beam of constant section and fixed at the ends 
is loaded with a single concentrated load. The most convenient curve 
of moments for such a load is obtained by treating the load as canti- 
levered from the nearer support. The analogous column has a width 
equal—or proportional—to the value —f- or 5 for the beam. 
The intensity of load on the column equals the moment curve just 
drawn. 

In this case the average load intensity and the position of the 
resultant are known by inspection, and hence the total load and its 
moment are readily computed. Computations of the pressure inten- 
sity on the base of this short column will give the changes in bending 
moment resulting from the fact that the beam is not cantilevered but 
is fixed in position and direction at both ends. 

In Fig. 7b the axis is assumed to be straight but the beam is not of 
constant section. The width of the column is, then, not constant, 
and the average load intensity and the position of the resultant load 
are not evident by inspection. The problem is conveniently solved 
by dividing the column section into a number of small lengths. 

In Fig. 7a and 7b the elastic rings are closed by the earth, which 
has zero elastic area. In Fig. 7c the elastic ring is completed by the 
structure. The curve of moments due to the weight of water and to 
the pressure head is drawn on the assumption that the top and sides are 
simple beams—a stable condition. The elastic column and its load 
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are as shown. Pressure intensities on the base of the column are 
changes in moment due to the fact that there are no hinges at the ends 
of the top and sides, but that there is really complete continuity at 
these points. 

In Fig. 7d an arch is subjected to vertical loading on one side, and 
to horizontal loading on the other side. Moment curves are drawn 
independently for the two conditions of loading, the arch being as- 
sumed cantilevered from the left abutment for the vertical load, and 
from the right abutment for the horizontal load. Note that it is not 
necessary to assume the same statically determinate condition for the 
beam for all parts of the load. 


11. Signs in the Column Analogy.—lIn flexural analyses it is con- 
venient to consider compressive force and stress as positive and to 
measure coordinates as positive up and to the right from the centroid. 
Positive loads on columns, then, are downward, and positive couples 
are such as produce compression above and to the right of the centroid 
of the column section. 

In applying the column analogy bending moments in the beam 
will be considered positive if they produce tension on the inside of the 
elastic ring. Shears are positive if they accompany positive rate of 
change of bending-moment, increase up or to the right. 

Positive rotations are such as would accompany positive bending 
moments; positive displacements are such as would result from posi- 
tive shearing forces. A clockwise abutment rotation at the left end 
of an arch, then, is positive; at the right end it is negative. An in- 
crease in arch span is a positive horizontal displacement. Settlement 
of the right abutment is a positive vertical displacement. 

Note, however, that rotations and displacements which actually 
exist (abutment movements) are to be distinguished from those which 
are resisted (shrinkage or distortions due to temperature changes). 
In determining moments by the column analogy in the former case, 
the sign of the displacement may be conveniently reversed. 


12. Choice of Statically Determined Moments.—The indeterminate 
forces are equal and opposite on two sides of any section, and hence 
satisfy the laws of statics whatever the determinate forces may be. 
Also the indeterminate forces are computed to have values such that 
continuity is preserved. Hence any set of determinate forces what- 
ever which will support the loads may be chosen in the first place, 
since the conditions of both statics and continuity will be satisfied 
by the solution. 
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It is, of course, important to choose the most convenient curve of 
_ determinate moments. As a simple example, in the case of a fixed 
beam with a moment load, (upper part of Fig. 8) the four sets of 
determinate systems shown, among many, are available. In general 
the first or second moment curves will be more convenient. 

The moment at x may be written directly by finding the indeter- 
minate moment from the moment curve shown in (a) or in (b). 
Similarly the end moments may be written directly. To write M, 
we use the moment curve in (a) and to write M, we use the moment 
curve in (b). 

In the lower part of Fig. 8 are shown three of the possible elastic 
loads on a rectangular bent carrying a single concentrated load. In 
the first case the curve of statically determinate moments is drawn as 
though the load were cantilevered from the left support, in the second 
as though the girder were simply supported on the columns, and in the 
third case as though the load were cantilevered from the right sup- 
port. The indeterminate forces and moments will be different in the 
three cases, but the total moments will, of course, be the same. The 
second moment curve will probably be found most convenient. 


13. Components and Direction of Indeterminate Forces.—The prob- 
lem of analysis of rigid frames and arches is essentially that of finding 
the moments due to the indeterminate forces which are necessary to 
preserve continuity. These moments equal zero along the line of 
application of the indeterminate forces. This line of action, therefore, 
corresponds to the line of zero stressin the analogouscolumn. Thisisthe 
neutral axis for the given loading, and, as already found, it has inter- 


‘ P/A P/A 
cepts on the axes through the centroid of 71 = — MM’. andy; =— uM,’ 
ihe ie 
The stress in a beam at unit horizontal distance from the neutral 
6 Vie 4 . 5 . . 
axis ism oe aie and at unit vertical distance from the neutral axis is 
bs 
yo, 
ligne as 


The moment at unit vertical distance from the line of action of 
the indeterminate forces equals the horizontal component of the 
indeterminate force, and the moment at unit horizontal distance from 

M’ 
the neutral axis equals the vertical component. Hence h; = 7 * 
v7] 
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A convenient basis for the computation of all indeterminate mo- 
ments is to locate first the neutral axis of the analogous column and 
find one component along the axis. 

The components of the indeterminate forces are changes in the 
reactions from those existing under the static conditions assumed. 


We may find the components of the reactions as V =», — 2; 


RE NC 


H =h, — h;. 

With the components of the reactions known it becomes a simple 
matter to draw the pressure line. 

The pressure line for the structure may sometimes be drawn 
conveniently by superimposing the curve of statically determinate 
moments on the neutral axis to a vertical scale of h; = 1 or to a hori- 
zontal scale of v; = 1 according to whether the moment is laid off 
horizontally or vertically. 


14, Application to Simple Cases.—The principle of the column 
analogy may be illustrated by application to a few simple cases. 
Let it be required to compute the end moments on the beam with 
fixed ends shown in Fig. 9a, assuming constant moment of inertia. 
Consider the moment curve shown, produced by the load P on a beam 
simply supported at its ends. Any static moment curve such as a 
cantilever over length (a) or (b) might equally well have been used. 
The centroid of a triangle using the notation of the figure may be 


= 6 
3 from one end. 

In this case, then, the analogous column section is a narrow strip 
1 
EI 
this case, may be given a relative value of unity. The column section 


shown to lie at a distance 


of length L and width =~. Both FH and I, being assumed constant in 


L 2 : 
thus becomes simply Z and the load “2 . The outer fiber stresses in 


the column, analogous to the end moments, may be found by the 

usual column formula, or more conveniently in this case by taking 
; M ; 

moments about the kern points. Then, f = =~"! where M z is the 


o 


moment about the opposite kern point, and J, is the moment of inertia 
of the column section about its centroid. 
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M 
Further, for rectangular columns, f = ee 2 = ial 
I, zybd3 Ad 


alle b 
Oana b 
‘ h e= c= = =e 
Then, at the left end, f. M Ter: Ms 5 


And, at the right end, f, = M, = M, S where m, is the simple beam 
Pab 
moment, m, = = ae 
For a beam of uniform section fixed at A and hinged at B, subject 
to a single concentrated load P, Fig. 9b, the hinge has an infinite 
elastic area (unlimited rotation due to a moment) and hence both the 
centroid and kern point of the infinite column section lie at the hinge. 
mL:-L+ 6b 
A ton ioe Sg fe 
My pape” 3 L- 8 
ip, ‘tae. UOTE 


Whence M, = 


Suppose the moment corresponding to unit rotation of the free 
end is required at each end of a supported beam which is fixed at 
one end, Fig. 9c. 


1 
The analogous column is a strip of width —; and length L loaded 


EI 
with unit load at one end. Taking moments about kern points of 
6M 
A and B, write directly from the formula f = ati ; 
441 EI id Tah eles 
mee L ot ans Ti 
EI i EI 


Suppose a beam with fixed ends subjected to unit relative displace- 
ment of the supports. Displacement in a beam corresponds to mo- 
ment about the axis of displacement in the analogous column. For 
unit relative displacement of the supports, then, we write directly 
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Fig. 10. Roration AND DISPLACEMENT OF THE ENDs or A MEMBER 


If the beam is subjected to loads and at the same time to rotations 
and displacements of the ends, we may write 


M, = M',+4¢ se nee epee 
$ ‘é one L L? 
where M’, is the fixed end moment at A due to the loads, ¢4 and ¢» 
are rotations at A and B respectively, and A is the relative end 
displacement. 
In place of ; write y, the angle of tipping due to end displacement. 


Also write K = . and R, instead of M’,. 

Then M, = 2HEK(2¢. + ¢s—3y) + Ra which is the equation 
usually known in American literature as that of slope-deflection. 
The signs used for ¢ and y will depend on the convention of signs 
adopted. 

For some purposes this may be more conveniently written as 

M, = 2EK (264 =a 0) 5 Je 
where ¢ and y are measured from the axis of the beam before flexure, 
and @ from the chord after flexure. This expression can be derived 
directly from the column analogy (see Fig. 10). 


15. Simple Numerical Examples.—The column analogy is pecul- 
iarly fitted to the direct solution of numerical examples. 


(a) Beam Fixed at Ends 


The curve of moments will be drawn for a single concentrated load 
on a beam of constant section with fixed ends. Three curves of static 
moments will be used. The beam and its load are shown in Fig. 11. 

‘ a 
Of course for this case the formula M = ms 7 already derived is suffi- 


cient for finding the fixed-end moments. 
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Sepa ol WS: ie 
iy = 50 x 


15 
37.5 M, = 20 xX 37.5 = —28.15 


M, = > X 37.5 = —9.38 
In case I the load is assumed cantilevered from A, in case II the 
load is assumed cantilevered from B, in case III the beam is treated 
as simply supported at A and B. 
In case I, the end moment determined by statics is -5 X 10 = 


ne oo 
— 50, the average 1s — Cie — 25 acting over an area 5 X 1. Hence 
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P = —-25X5 = —125. It acts at the centroid of the triangle of 
20 1 

moments. For the column section A = re 20, I = 12 X 20X20? 

= 667. Applying these values 


te M zx —125 (—125) X 8.33 X (£10) fra 


ee Rt ex ah ty 667 
21.86 or +9.38 


Plot this moment curve, and on it as a base plot the original curve of 
moments. 
The same procedure is shown for cases II and III. 


(b) Simple Bents 


Assume the rectangular bent shown in Fig. 12. Let the loads be a 
vertical load of 10k on the top and a horizontal load of 6k uniformly 
distributed along one side. It is desired to draw separate moment 
curves for the two cases of loading. 

Assume as convenient axes a vertical through the center of b and 
a horizontal through the center of aa. Tabulate length ZL, moment 
of inertia J, horizontal codrdinate of centroid x and vertical coérdin- 
ate of centroid y for each of the members a, b, and a. 

Also record the elastic loads and their centroids. For the load of 
10k, treating the girder as a simple beam, we have the moment curve 
shown, average moment + vo area loaded 3, and hence 
P = +33.8 X 3 = +100. The centroid is as shown, and x = 
—1.7, y= +6. Whence M, = (—1.7) X (+100) = —170.0 and 
M, = (+6) X (+100) = +600. 

For the horizontal load draw the curve of moments for the column 
as a cantilever. Average moment — 3 = —12; area loaded = 6. 
Hence P = (—12) X 6 = —72.. Also x = —15, y = —3: 

M, = (—15) X (—72) = +1080 and M, = (—3) X (—72) = +216. 

Compute a, az, dy, ax? + 7,, ay +7, for each member. The 


centroidal moment of inertia (7, and 7,) equals +5 X (projection along 
the axis)”. Find the totals. 

Reducing to the centroid, 7 = 0, 7 = + : = +1.2.. Find Az?, 
Ay?, Px, Py, and subtract. 
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The intercepts of the neutral axis for the two conditions of loading 


are now found asz; = — M./I, and yi = — oe or the vertica 
M 

load compute hi = al = +2.1, and for the horizontal load compute 
y 


Zz 


uN = 
rY lea 
the original curves of moments are drawn to the scale of distance. 


= +0.37. The neutral axes are then plotted, and on them 
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= i = 131, 7210.; 1Orsune 


= 97.3 ft. 


In Fig. 13 is shown a reinforced concrete bent having a monitor. 
The dead load on the roof is assumed uniform at 1000 lb. per hori- 
zontal foot. 
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In this case both load and structure are symmetrical, and there is 
- no need to compute moment of inertia about the axis of Y. The axes 
are taken on the vertical center line and through the center of mem- 
bers aa. 

The moment areas and their centroids for the different members 
have been computed separately by breaking them up into trapezoids 
and parabolas. 

The same procedure is followed as in the preceding problem. 


M, 
The neutral axis, however, is horizontal. h; = pee +11.1. Inter- 
P/A 
cept of neutral axis yi = — = —3.92. The rise of the pres- 
M,/I, 


1 salt 8.00 f 
sure ine is 77] = 1 .OO ft. 


The signs of the intercepts of the neutral axis can usually be found 
by inspection, since the neutral axis lies on the side of the centroid 
opposite to the load. 

In Fig. 14 is shown an unsymmetrical bent subjected to vertical 
loads. The tabulation of elastic properties and of elastic loads follows 
the procedure already explained. The elastic moments may also be 
conveniently computed as previously explained. They have actually 
been computed as the sum of the moment of the elastic load acting at 
the centroid of the member plus the product of shear times elastic 
centroidal moment of inertia. The method is explained later as an 
extension of the analogy, but presents few advantages. The trial 
axes are taken as the vertical through the center of member c and the 
horizontal through the center of member a. 

The correction to the centroid also follows the procedure already 
explained. 

The correction for dissymmetry is made as follows: 


. ic 854 
for IZ, in column (6) write I.,: ee (— 2854) 3909) = 2530, 
y 


ie — 2854 
for M,incolumn (15), write M,- = (+25 230) 3909) — 22420 


a — 2854 
for J, in column (9), write Izy° i (— 2854) 13230 Te 


ae — 2854 
for M,in column (16), write M, = (+4745) 13230 = — 1020. 
Subtract these corrections to get a ie Petit), and 5. 
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The bending moment at any point, such as joint 0, may now be 
found as M = m, — mi, as shown. 


16. Arch Analysis.—The column analogy affords an unusually 
convenient means of analyzing reinforced concrete arches, because, 
once understood, it furnishes a familiar order of procedure. The 
actual computations are, of course, the same as presented by other 
writers. 

In the case of unsymmetrical arches the equation given in this 
discussion seems to offer a much more convenient order of arranging 
the computations than is found elsewhere. For this reason it has 
seemed worth while to give in some detail the essential steps in the 
analysis of an unsymmetrical arch. 


(a) Unsymmetrical Arch 


The arch analyzed is shown in Fig. 15. It has a span of axis of 
60 feet divided into five panels of 12 feet each. The total rise is 20 
feet and the difference in level between abutments is 15 feet. 

The arch axis is first divided into fifteen segments of equal hori- 
zontal projections. 

Use as convenient trial axes horizontal and vertical lines through 
the highest point of the arch axis. 

Tabulate first the known properties of the arch. These are the 
length of each segment L along the arch axis, the distances x and y 
to its centroid, the depth of the sections at their centers. 


L L 
Now compute the elastic areas a, each equal to val 12 Te this is 


for unit width of rib. From these compute the statical moments 
ax and ay about the axes of x and y, the products of inertia about these 
AXeS ax", ay”, axy. 

Now tabulate the m, values at centroids of sections for unit loads 
at each of the panel points, A, B, C, D. The statically determinate 
moments will be found for these loads cantilevered from the nearer 
end of the arch. The statically determinate moment on any segment 
between the load and the nearer abutment, then, equals the distance 
from the load to the centroid of that segment. We then compute the 
elastic load P = m,a, the moment of the elastic load about the axis 
of Y, Px, and about the axis of X, Py. Note that for any segment 
these three quantities may be written by multiplying m, by columns 
(6), (7), (8), successively. 

Sum the columns for elastic area, statical moments, products of 
inertia, elastic loads, elastic moments. 


SS 
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: 2z 
Correct to the centroid. Compute z = ae and y = =a and the 


corrections for the products of inertia z*A, yA, zy A, and for the 
elastic moments z=P, y=P. Subtract the corrections. 


Correct for dissymmetry. Write the value of = . I,yunderI,and 
uv 


I, 
7.° M,under M,and write the value of ae I,, under I, and of 
y Zz 


i 
I, 


. M,zunder M,. Subtract the corrections. 


Draw horizontal axis through the centroid. Now compute for a 
load at each panel point the values of the components of the more 


. ° M’, M’, . 
distant reaction v; = TT and h; = Sry and the intercept on the 
z y 
P 
XA axis through the centroid, 71 = — ae 


Rib-shortening has not been included in the computations. It 
may be corrected for by computing the average intensity of com- 
pression for any given condition of loading and from this the change 
of span which would take place if the arch were free to contract. This 
change of span may then be treated as if it were due to change of 


temperature, equivalent temperature change = <<“, 
€ 


Fav 
E 
The components and location of one reaction (at the more dis- 
tant abutment) now being known, it is easy to draw the pressure lines. 
By scaling the ordinate from any pressure line to the kern point for 
any particular cross-section and multiplying by the H value for that 
pressure line, we can compute conveniently the moment about that 
kern point. Thus we can draw influence lines if we wish, by plotting 
kern point moments at various sections for different positions of the 
unit load. From the kern moments the stresses can be computed 
Mic 
directly from the formula f = wis 


For temperature changes, the horizontal change in span if the arch 
were free to expand multiplied by # is Het X 60 ft. and the relative 
vertical movement of the abutments multiplied by EF is He X 15 ft. 
Omit the constant multiplier He for the time being, and use it later 
as a multiplier for the temperature stresses. It has been shown that 
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a linear displacement is analogous to a moment about the axis of 
displacement. Hence we have on the analogous column elastic 
moments M, = +15 and M, = +60. That the signs of these mo- 
ments are opposite is determined by the fact that the change of span 
is analogous to a moment about a line connecting the ends of the arch 
axis. Such a moment on the analogous column produces compression 
on the top and left or on the bottom and right of the section. After 
the line of action of the temperature thrust has been determined, the 
sign of the bending moment at any point is readily determined for a 
rise or for a fall of temperature by observing that a thrust is required 
to shorten the span, and a pull to lengthen it. 

These moments M, = +15 and M, = +60 are now corrected 
for dissymmetry. The H and V components of the temperature thrust 
are then computed. The thrust, of course, passes through the elastic 
centroid, just as the neutral axis of a beam passes through the centroid 
for pure bending. 


(b) Symmetrical Arch 


If the arch is symmetrical, the procedure just given is shortened. 
It is now necessary to consider only one-half of the arch ring. By 
inspection the product of inertia is zero and there is no correction for 
dissymmetry. 

In Fig. 16 is shown the analysis of an arch similar to the one just 
shown except that the span is 5 panels of 16 ft. = 80 ft. 


17. Haunched Beams.—Because of the occasional importance of 
haunched beams in continuous frames, examples of the analysis of 
such beams have been included. The arrangement of the computa- 
tions is the same as in the analysis of arches except that there are no 
y coordinates. 

Attention is called to the computation of end moments resulting 
from unit rotation of one end. These values are constants needed in 
certain methods of analyzing continuous frames.* In order to com- 
pute these moments a unit load is applied at one end of the section of 
the analogous column and the outer fiber stresses in the column are 
determined. 

A beam symmetrically haunched is shown in Fig. 17 and is anal- 
yzed for end moments due to a uniform load and also for end mo- 
ments due to a rotation at one end. 


at ee Sel as a Factor in Reinforced Concrete Design,” Hardy Cross, Proceedings, A. C. I; 
ole 2o; : 
“Simplified Rigid Frame Design,’’ Report of i — i 
Nouraelt AC. 1, Dees ise: 2 eport of Committee, 301, Hardy Cross, Author-Chairman, 
“Analysis of Continuous Frames by Distributi ixed- ” Is 
ings, AS. B. May, 1930 y Distributing Fixed-End Moments,” Hardy Cross, Proceed 
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Fig. 17. Beam SYMMETRICALLY HAUNCHED 


In Fig. 18 a beam unsymmetrically haunched is shown and this is 
analyzed for end moments due to rotations at the ends. 


18. Slopes and Deflections of Beams.— 


(a) Relation of the Column Analogy to Theorems of Area-Moments 


The sum of the rotations, or change in slope, on the beam cor- 
responds to shear on a section through the analogous column, because 
the product of moment by elastic area is rotation and the sum of load 
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Fig. 18. Bram UNSYMMETRICALLY HAUNCHED 


intensity times area is shear. From the geometrical relations previ- 
ously explained, it follows that the statical moment of the rotations 
about any section is the displacement at that section. 

Slopes along the beam, then, correspond to shears on longitudinal 
sections through the analogous column and deflections of the beam 
correspond to bending moments on longitudinal sections through the 


analogous column parallel to the line along which the deflection 
is wanted. 


SNE 
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The theorems of area-moments, then, are a part of the analogy. 


- The theorems dealing with the slopes and deflections of beams are 


among the most useful and best known in the literature of structural 
analysis. They deal with displacements relative either to a tangent 
to the curved beam or to a chord of the curved beam. 

They may be conveniently stated as follows: 

(1) (a) Slope at any point measured with reference to a tangent 
to the bent beam at another point may be found as area under the 


Er curve between the two points; (b) deflections at any point meas- 


ured with reference to a tangent to the bent beam at another point 
may be found as the statical moment about the first point of the area 


under the =e curve between the two points. 


(2) (a) Slope at any point measured with reference to any chord 
of the bent beam may be found as shear at that point due to the area 


M 
under the By Curve as a load on the chord acting as a beam simply 


supported at its ends; (b) deflection at any point measured with 
reference to any chord of the bent beam may be found as bending 


moment at that point due to the area under the = curve treated as 


a load on the chord acting as a beam simply supported at its ends. 

All of these theorems are merely theorems of geometry stated in 
terms convenient to the structural engineer. They neglect the effect 
of distortions other than rotations, and are applicable to any curved 
line where the angle changes are very small if we substitute “angle 
changes as loads” for ‘“‘area under the a curve as a load”’ in the 
theorems. 

In the column analogy the angle changes are treated as loads on 
the analogous column. From the geometrical relations already 
pointed out it is evident that the conception involved in the column 
analogy is essentially that used in finding slopes and deflections. 

If we use the column analogy in the extended form explained later 
in which the angle changes are represented as forces on the analogous 
column equal to moment times elastic area, and the linear distortions 
are represented as couples on the analogous column equal to shear 
times elastic centroidal moment of inertia, we may include at once 
the effect of both angular and linear distortions. This is sometimes 
a useful theorem. It is applied in the example of Fig. 14. 

U. OF I. 


LIBRARY 
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(b) Influence Lines by the Column Analogy 


The column analogy may be combined with Miiller-Breslau’s 
principle to compute influence ordinates. According to this principle, 
the influence ordinates equal the displacements of the load line which 
would result from a unit distortion corresponding to the stress func- 
tion under investigation. For an influence line for moment, then, we 
would apply a unit rotation, for shear a unit displacement, and so on. 

The application for crown moment in an arch is shown in Fig. 19. 
A unit rotation is applied at the crown and the displacements of 
points on the arch axis are determined. Vertical displacements along 
the arch axis are influence ordinates for crown moment due to vertical 
loads, horizontal displacements are influence ordinates for horizontal 
loads, rotations of the arch axis are influence ordinates for applied 
couples. 

All of these may be found as shears and bending moments on sec- 
tions through the analogous column when the column is loaded with 
a unit load at the crown, as shown in the figure. 

Similarly for unit crown shear, apply to the column at the crown a 
unit couple about the vertical axis of the arch; for crown thrust, apply 


See 


THE COLUMN ANALOGY 53 


to the column at the crown a unit couple about the horizontal axis 


_ of the arch. 


This procedure has great value in sketching influence lines. For 
numerical computation it is probably as rapid and convenient to com- 
pute the influence ordinates by the elementary procedure of applying 
unit loads at successive points on the arch axis. 


19. Supports of the Analogous Column.— 


(a) Types of Supports 


The analogous column is supported on an elastic medium. The 
intensity of resistance offered by this medium is the indeterminate 
moment, resisting distortion, or the moment resulting from the 
restraint. The intensity times the area is the rotation produced by 
this resistance. 

If there is a hinge in the beam, the rotation would be infinite if 
there were a constant moment at the hinge; the elastic area of the 
hinge is infinite. But it is inconvenient to represent an infinite area; 
instead we may choose a small area of infinite stiffness—a rigid point 
support. A hinge in the beam, then, may be represented by a rigid 
point support of the column. 

A roller nest is equivalent to a rocker—two hinges on a line normal 
to the roller bed. Hence a roller nest or rocker may be represented 
by two point supports on a line normal to the roller bed. 

A free end would be produced by three hinges not in line. Hence, 
it may be represented in the analogous column by three point sup- 
ports not in line or by a fixed end. 

It is interesting, though perhaps not very important, to note that 
if the beam is unstable, the column is statically indeterminate; if the 
beam is statically determinate, so also is the column; if the beam is 
statically indeterminate, the column would be unstable if it were not 
supported by the elastic medium. 

In Fig. 20a is shown the analogous column and its load in the case 
of a beam simply supported. The area-moment relation is familiar. 

Figure 20b shows a three-hinged arch and its analogous column. 
Note that in statically determinate structures only one stable curve 
of moments is possible and that there is no pressure on the elastic 
base—no indeterminate moment. 

Figure 20c shows an arch having a crown hinge. In analyzing this 
case the rigid support is given an infinite area. The centroid, then, 
lies at the hinge and the total elastic area is infinite. 

Figure 20d shows a cantilever beam. Note that the free end of the 
beam is rigidly fixed in the analogous column. The moment area 
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relation is familiar to most students, as is also the conjugate beam 
relation. 

In Fig. 20e is shown an arch having a roller nest equivalent to two 
hinges on a line normal to the roller bed. The elastic area is infinite 
and the elastic moment of inertia about the axis of the roller bed— 
the Y axis—is also infinite. 


(b) Reciprocality of Hinges and Supports in Beam and Analogous Column 


Just as hinges in the girder or arch may be represented by rigid 
supports in the analogous column, so rigid supports of the girder may 
be represented by hinges or combinations of hinges in the analogous 
column, since bending moment in the column corresponds to deflec- 
tion in the beam. If the restraint is in two directions, the column at 
that point would contain two hinges at an angle with each other, 
which is equivalent to a universal joint. 

These relations do not, however, seem to be very useful, since it is 
not convenient to analyze the stresses at the bases of such columns. 
The analogy, however, is illustrated in Figs. 21a and 21b. In Fig. 21b 
the analysis for moments in the beam is not affected by the hinge and 
joint in the analogous column, while analysis for slopes and deflec- 
tions in the beam is facilitated by their use. 
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Fia. 21. Typrs or Supports ror ANALOGOUS COLUMNS 


(c) The Conjugate Beam 


The term “conjugate beam” is due to Professor H. M. Wester- 
gaard. In an article entitled “Deflection of Beams by the Conjugate 


ean 
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Beam Method’ he has shown a reciprocal relation between straight 


loaded beams and certain imaginary beams which are subject to loads 


equal in intensity to the curves of moments on the original beams. 

The conjugate beam as presented by Professor Westergaard will 
be seen to be the analogous column section. The conception, how- 
ever, can be extended to curved as well as to straight beams. 


IV. EXTENSION oF THR ANALOGY 


20. Introduction.—The analogy between the computation of mo- 
ments in beams, bents, and arches and the computation of fiber 
stresses on a section of an eccentrically loaded column as previously 
stated is simple and convenient. The analysis thus far explained, 
however, either neglects the effect of linear distortions within the 
structure or makes separate allowance for the effect of such distor- 
tions. In this section of the bulletin it is explained that by an exten- 
sion of the analogy it is possible to include the effect of these linear 
distortions directly in the analysis. In doing this, however, the sim- 
plicity of the picture is marred. The extension here presented is, 
then, probably to be thought of as a very special tool to be used in- 
frequently, if at all. The completeness of analysis furnished by this 
method of treatment justifies the inclusion of the material. 


21. Internal Distortions.—The beam formula may be modified as 
follows: Moments may be separated into two parts, due to loads and 
due to couples and the products of inertia may be separated into two 
parts, due to the areas which make up the section and due to the 
centroidal products of inertia of those areas. The terms in the beam 
formula may then be redefined. 


Write P = Zpa 
A =t%a 
M,= zpae,-+ 2M, 
M, = Zpae, + 2M, 
L0G ae 
1, = 2ay*? + 24, 
Tay = Zary + Wey 


Thus far in dealing with internal distortions only the angular 
rotations which take place about the centroids of the small sections 
into which the axis of the beam is divided have been considered. 


*Loce. cit , page 7. 
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Fig. 22. Terms Usep ror INTERNAL DISTORTIONS 


Angular rotations have been treated as loads on the column section 
and an elastic body which will suffer angular distortion from moment 
has been treated as a part of the area of the column section. Buta 
linear movement will result from two equal and opposite angular 
movements about different centers, and if these rotations are treated 
as loads, they will be parallel loads of opposite sense and will consti- 
tute a couple. Hence any linear distortion within the body corre- 
sponds to a moment load on the analogous column section. 

The bending moment on any differential portion of a member due 
to unit forces through the elastic centroid of the member is x and the 
relative displacement of the ends along any axis Y due to this moment 
is azy (see Fig. 22). The total displacement then is Yaxy and is the 
product of inertia of the elastic areas about the elastic centroid. But 
it makes no difference whether this displacement is due to flexural 
or to shearing distortions. Whatever its cause, we can still treat it 
as if it were Lazy and call it the centroidal product of inertia about 
the axes X and Y. 

Just as any portion of a section may be represented for purposes 
of beam analysis by six quantities, namely, two codrdinates of its 
centroid, its area, and its products of inertia about two centroidal 
axes, so the elastic properties of an elastic body may be completely 
represented by corresponding elastic quantities. And just as these 
six elementary properties of an area may be deduced from six other 
properties—namely, the statical moments about any three axes in 
the plane and the products of inertia about any three pairs of axes in 
the plane, so the elementary elastic properties of the section may be 
deduced if we have three displacements due to unit moment on the 
body and three displacements due to equal and opposite forces at the 
ends of the body. 

This makes it possible to include automatically all types of stress 
distortion in beams directly in the analysis, if this seems desirable. 


Re 
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Moreover it is possible in members containing straight segments sub- 


ject to constant shear to evaluate the bending effects by separating 


the effect of the total rotation and the relative displacement of the 
ends due to bending without finding the centroid of the moment curve. 

The elastic area of a body, as the term is used here, is the total 
rotation produced in the body by opposite unit moments at its ends. 
The elastic centroid is the center about which the rotation occurs. 

The total displacement of opposite ends of a member along one 
axis due to opposite unit terminal forces along any other axis is the 
elastic product of inertia of the body about these axes. If the axes 
are through the centroid, the displacement is an elastic centroidal 
product of inertia. If the axes are coincident through the centroid, 
the displacement is an elastic centroidal moment of inertia. 

In computing the properties of a body as a whole, these centroidal 
products of inertia may be treated just as they are treated in the com- 
putation of the properties of beam sections. The elastic products of 
inertia of the analogous column, then, may be computed as the sum 
of the elastic areas times the products of their distances from the axes 
under consideration, plus the centroidal products of inertia of the 
elastic areas. 

These centroidal products of inertia are useful also in computing 
the elastic moments on the analogous column, though the procedure 
has no simple analogue in beam analysis. It has been explained that 
known linear displacements may be treated as moment loads about 
the axis of displacement. Such displacements are produced by thrusts 
and shears on the portions of the elastic body. The displacement 
along any axis due to a force along any line equals the product of the 
force by the product of inertia of the body about the axis of displace- 
ment and the line of action of the force, as this product of inertia has 
been defined. 

The elastic moments on the analogous column may be taken for 
each portion of the beam as equal to the moments at the elastic 
centroid of that portion times the elastic area plus a couple equal to 
the shear on that portion of the beam times the elastic centroidal 
moment of inertia. In this way the elastic moments have been com- 


puted in Fig. 14. 


V. PuysicaAL CoNnsTANTS OF DEFORMATION FOR 
SrrucTURAL MEMBERS 


22. Nature of Physical Constants.—Thus far consideration of the 
physical properties of the members has been restricted. No theory 
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has been propounded to predict the values of the elastic areas. If we 
are dealing only with distortions produced by external loads, it does 
not make any difference what are the absolute values of these elastic 
areas, or moduli of distortion; it is the relative values only that are 
wanted. 

It seems somewhat unfortunate that the theory used in the anal- 
ysis of continuous frames has come to be known as the theory of 
elasticity. In its simplest form it has nothing to do with elasticity in 
the ordinary sense of the word. The theory of elasticity merely states 
the geometrical conditions essential to continuity in terms of the 
physical properties of the structure. If these physical properties are 
known for the conditions of stress which actually exist, then the 
theory may be applied. It is thus possible to apply the theory of 
continuity in a perfectly definite way to plastic materials, such as 
concrete, taking account of the variation of the plastic distortions 
with both the intensity and the duration of the stress, provided the 
properties of the material are accurately and definitely known. 

Thus, suppose an exact analysis of a concrete arch is desired and 
that the ratio of total stress to total deformation is known as a func- 
tion of both intensity and duration of stress. We first assume a 
constant value of the ratio of stress to total deformation, which we 
will call #, throughout the arch rib, and find all stresses. Since the 
value of EF is now a variable over each section, we transform the sec- 
tions as explained previously. Using the transformed sections, the 
stresses are again found and the process is repeated to any desired 
degree of precision. 

We now know accurately the stress conditions at the time of load- 
ing. After an interval all values of E will be changed and we can re- 
peat the process just outlined. By successive repetitions we could 
trace out the complete stress history of the structure. 

Whether we could ever know the physical properties of the mater- 
ial with enough accuracy to take account of their variations is a ques- 
tion of fact to be considered separately. Whether the structure is 
sensitive enough to such variations in properties to make the variation 
in results secured from any such analysis appreciable is also another 
matter. Of what importance such information would be in the safe 
and economical design of the structure is still another matter. 

Qualitative thinking along these lines will disperse certain illusions 
which seem to be current as to mysterious results from plastic flow 
and from time yield of concrete. The subject will not be pursued 
here, since the monograph is restricted to geometrical relations. The 


See el 
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important point just now is to clearly distinguish those facts which are 


purely geometrical from those which are necessarily a subject for 


laboratory equipment.* 


23. Method of Determining Physical Constants.— Determination of 
the elastic constants themselves involves a knowledge of the prop- 
erties of the material, In general they are to be determined as fol- 
lows: (a) apply a unit moment at each end of the body and determine 
the magnitude of the rotation and the center of rotation (this gives 
the elastic area and its centroid); (b) apply unit forces along an 
axis Y at the ends of the member and through the elastic centroid and 
determine the relative linear displacements of the ends along and 
normal to axis Y. Similarly apply unit forces along an axis through 
the elastic centroid along axis X, normal to axis Y, and determine 
displacement along axis X (this gives J;, Izy, I,). 

The elastic properties of a body as just defined—the elastic area, 
elastic centroid, and elastic products are true physical 
properties for the stress condition in the body. If they are known for 
each portion of the body, they can be computed for the whole. If 
certain assumptions are made we can predict the properties of the 
individual parts. 

In the deductions which follow a constant value of # and the con- 
servation in bending of plane right sections is assumed. In most 
cases these assumptions are very nearly correct. But these values 
cannot be predicted with absolute precision because of chance 
variations in the properties of the material. 

The elastic properties of a body are defined for two ends at which 
alone forces are supposed to be applied to the body. For another pair 
of termini another set of elastic properties would be deduced. 

The elastic properties for a given pair of termini may be deter- 
mined experimentally as follows: 

Hold one of the ends rigidly and apply through a bracket attached 
to the other end a vertical force and a horizontal force successively at 
each of two points. In each case measure the vertical displacement 
and the horizontal displacement of each of two points on the bracket 
(see Fig. 23). 

We now have sixteen quantities from which to deduce the six 
quantities desired. If Hooke’s Law holds for the material, only ten 


of these quantities will be different and only six will be needed. Many 


*For a treatment of these matters, see ‘‘Neglected Factors in the Analysis of Stresses in Concrete 
Arches,’”’ by Lorenz G. Straub, presented as a thesis for the degree of Doctor of Philosophy at the 
University of Illinois in 1927 and later published in part as ‘‘Plastic Flow in Concrete Arches,”’ Proc., A. 

C. E., Jan., 1930. 
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Fig. 23. EXPERIMENTAL DETERMINATION OF PHYSICAL CONSTANTS 


different combinations of measurements may be used. The six 

quantities may all be deflections due to unit forces, as follows: 
Vertical at A due to vertical force at A = I, + Az? 
Vertical at A due to vertical force at B = I, + Ax (a + 2) 
Vertical at A due to horizontal force at A = I,, + Axy 
Vertical at B due to vertical force at B = J, + A(x + 21)? 
Horizontal at A due to horizontal force at A = I, + Ay? 
Horizontal at B due to horizontal force at B = I, + A(y + y) 


From these the values of A, x, y, Iz, Jy, and I,, may be deduced by 
simple algebra for known values of x1, y1.* 

If Hooke’s Law does not hold, different sets of measured displace- 
ments will not be consistent even though the measurements are made 
with absolute accuracy, because the body does not have any one set of 
elastic properties but has a different set for each different condition 
of stress. 


24. Computation of the Constanis.—Only a few of many possible 
illustrations of the computation of elastic constants is given here. 


(a) Hinges and Roller Nests 


Since forces acting on solid foundations produce no deformation, 
the elastic constants for the earth are taken as zero if we assume 
immovable abutments. 

Eccentric forces acting on a frictionless hinge will produce no 
linear movement of the hinge but will produce unlimited rotation; 
hence the elastic area of a hinge is infinite, and its elastic centroidal 
products of inertia are zero. 

Forces acting on a roller nest and inclined to its bed will produce 
no rotation, no displacement normal to the bed, and unlimited dis- 
placement along the bed; hence a roller nest has zero elastic area, zero 

*A procedure which is simpler algebraically is as follows: Apply unit moment and measure rotation 


and horizontal and vertical displacement of one end. This gives the elastic area and locates the elastic 


centroid. The elastic centroidal products of inertia may then be measured directly as dis lace 
along the centroidal axes due to unit loads through the centroid. r means 


| 
| 
; 
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Fig. 24. Firexuraut Distortion or A BEAM 


elastic centroidal moment of inertia about an axis normal to the bed, 
ne elastic centroidal moment of inertia about an axis lying in the 
ed. 

For a free end all elastic constants are infinite. The fact has no 
particular significance except that the theorem which states the 
column analogy is of perfectly general application to all plane beams, 
whether statically determinate or not, both simply supported and 
cantilevered. 


(b) Flexural, Longitudinal, and Shearing Distortions in Straight Beams 


The angle of flexure in a length of straight beam of constant sec- 
tion subjected to a given bending moment is readily computed by 
geometry if sections plane before bending remain plane after bending. 

In Fig. 24 let a-a be given length L of the beam before bending and 
b-b after bending. The angle change ¢ equals the change in length of 
any fiber d divided by its distance from the neutral axis y. 


Then ¢ = Zz From the definition of H, d = e where f is the fiber 
Y My 


q 


stress along any fiber. But Fiano where J;is the moment of inertia 
of the transformed section obtained by dividing the areas of the orig- 


inal section by their values of H. Then ¢ = ~- for straight beams. 
t 


Flexure of curved beams is discussed below. 


Longitudinal distortion is computed as ee for a force through the 
t 


centroid of the transformed section. 

The shearing distortion per unit of length of beam equals the 
shear divided by the continued product of area, the shearing modulus 
of elasticity and a factor depending on the shape of the section. 
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(c) Straight Homogeneous Beam of Uniform Section 
Consider a straight segment of a homogeneous beam of uniform 
section. Let its properties be represented by length = L, area = A, 
moment of inertia = J, modulus of elasticity = H, radius of gyra- 
TOD. =p. 
Apply unit moment, unaccompanied by shear. Rotation is = 


and centroid of rotations is at the mid-point. 
Apply unit transverse shear, otherwise unaccompanied by mo- 
ment. Transverse displacement of end 


(a) due to bending =. f2x7da = ——— LT? 


(b) due to shearing distortions = + a) where n is the factor 
e 


referred to above and G is the shearing modulus of elasticity. Nor- 
mally, this displacement is*unimportant. There is no longitudinal 
displacement due to transverse shear. 


Apply unit longitudinal force. Longitudinal displacement 
L L 2 
= +—— = +p? —. No transverse displacement. 
LATS HT oi 
The elastic properties, then, are: 
Elastic area = ge 
EI 
Elastic centroidal moment of inertia about longitudinal axis 


Elastic centroidal moment of inertia along longitudinal axis = ag 


Elastic centroidal product of inertia about two axes = 0 
Elastic centroid on axis at mid-point. 
These six quantities completely describe, on the ordinary assump- 


tions of mechanics, the elastic properties of this body for terminal 
forces. 


(d) Bars of Trusses 
The strain of a bar in a truss produces a rotation at the moment 
L 


A : 
center for that bar —.If a unit moment acts at that center, ¢ = 
i: 


This determines the elastic area. 
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Fig. 25. DerorMATION ConsTANTS ror WEB MrMBERS IN A TRUSS 


This expression is sometimes inconvenient for web members 
where chords are not parallel, because the moment center does not lie 
near the panel in which the section for stress is passed. If the chords 
are parallel, it leads to indeterminate expressions. 

In these cases it is convenient to replace the distant elastic weight 
by two elastic weights and an elastic moment of inertia lying in the 


- If the areas at A 


panel. Thus the true elastic area at 0 is + 


Akr? 
and B are to have that at 0 as a resultant (see Fig. 25) 

a L_ bp lat 

Gl A iy De WN eis a 

Leap J irate | 

Ay = —_— = = — 

AEr? p AErire b 
Z if 15 if i) 
since Cae = ee OO ee ea 
bps <P app 


For product of inertia about axes normal to the lower chord to be 
the same as that of A,, 
Ip-o = 0 = Aa(ap)* + As(bp)? +1 


— 2 
be 3 AErire P 
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Fiq. 26. SEGMENT or A CurveD BEAM 


Evidently no correction for the product of inertia is necessary if 
either axis is parallel to the lower chord. 

The elastic areas A, and A, may be located on either chord and 
the moment of inertia taken along that chord provided ap and bp are 
computed along that chord. The positive elastic weight always lies 
on the side of the panel next to the moment center. 

If the chords are parallel, the elastic areas become zero, the mo- 


L 
ment of inertia along the chord is still J = + A Bites p*)\ but ry =i7e 
142 


This method of treating truss bars is sometimes advantageous for 
computing stresses in indeterminate structures. In most cases 
indeterminate trusses can be analyzed conveniently by other methods 
than the column analogy. 


(e) Beams Sharply Curved 


Beams having a radius of curvature small compared with their 
depth are common in machine parts; in structural design they occur 
in thick arched dams and at the haunched junction of beams and 
columns. The formula of Winkler, usually presented for the solution 
of such beams, leads to certain complications when used to compute 
deformations or for the analysis of such beams when they are statically 
indeterminate. For this reason, a detailed explanation of the use of 
the transformed section seems desirable here. 

In Fig. 26 is shown a differential length of a beam having a center 
of curvature at 0. 

It has been shown that if the section is transformed by dividing 
each differential area by its radius of curvature R we can write 


PB. M 
{Bea ae 
t 


t 
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where f is the fiber stress at any distance y, from the centroid of the 
transformed section 

R is the radius of curvature of this fiber 

P is the normal load 

M, is the moment about the centroid of the transformed 
section 

A, is the area of the transformed section 

I, is the moment of inertia of the transformed section about 
its centroid. 

Also let 
A = the area of the original section 
R. = the radius of curvature to the centroid of the original 


section 
R, = the radius of curvature to the centroid of the trans- 


formed section. 
dA 


By definition A; = R 


Taking moments about O 


The moment of inertia about O = 


dA 
St = f Rad = AR, 


Reducing this to the centroid of the transformed section 
A 
qT; = VAN Te. = A:R? — PAG oe = A: re R; = A(R, = R:) 
t 


If, then, the area and centroid of the original section are known, 
it is necessary to find only the area of the transformed section in order 
to compute directly all quantities needed. 

The angle of rotation about the centroid of the transformed 


section is 


E ° ‘ 
me = oe < (length of differential fiber under consideration) 
M 
But f = ek 
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R 
Length of any fiber = R, ds 
t 


Where ds is the length of the differential fiber along the axis of the 
centroid of the transformed section. 


ds 
EI.R, 
angle of are 
ite 
If M, = 0, the section moves parallel to itself and 


TSECASR «aie Be 


Hence ¢ = is the elastic area of the segment, or in general 


A 


Hence - is the elastic centroidal moment of inertia for rib-shorten- 


ing correction. 

It will be seen, then, that all expressions for beams of sharp curva- 
ture take the same form as where the beams are straight if the axis of 
the beam is taken as the axis defined by the centroids of the trans- 
formed sections instead of by the centroids of the original sections. 


(f) Compound Members—Bifurcated Members 


The elastic properties of any elastic ring may be defined with 
reference to the termini from the principles indicated. Thus, to 
determine the elastic properties of the ring ABCDA, Fig. 27, with 
reference to terminals AC, apply at C a unit moment, the ring being 
cut at C and held at A. Now treat as a column section cut at A and 
uniformly loaded along ABC and compute the shear at C and the 
bending moment on vertical and horizontal sections through C. This 
gives the elastic weight and its static moments about C, from which 
the coordinates of the centroid may be computed. 

Next apply at C a unit vertical force, the ring being cut at C and 
held at A. Apply the column analogy and compute the bending 
moments on the analogous columns on horizontal and vertical sec- 
tions at C, the section being cut at A. This gives moment of inertia 
for vertical axis through C and product of inertia for vertical and 
horizontal axes through C. These may then be reduced to the 
centroid. 

Finally apply at C a unit horizontal force, the ring being cut at C 
and held at A. Compute the bending moment on a horizontal section 
through C on the analogous column section cut at A. This is the 


pS Se 
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moment of inertia for a horizontal axis through C. This may now 
be reduced to the centroid. 

If loads occur within the ring, the elastic load on the ring may be 
determined from the shear (elastic load) and moments on vertical 
and horizontal axes through C (static moments of the elastic load 
about C) for the elastic column section if cut at A as above. 

The elastic load and its point of application and also the elastic 
properties of the ring being known, the ring may be treated as is 
any other member. 

This procedure is relatively simple but involves a good deal of 
computation. The problem, however, is not a very simple one. 
Anyone who has occasion to use the method for numerical problems 
will find that it leads to comparatively simple expressions. 


(g) Successive Compounding 


The compounding procedure just indicated may be extended in- 
definitely to include any number of branches. The most common and 
important case is that of a series of continuous arches or bents.° The 
general procedure by this method in such a case is as follows: 

(a) Apply a unit moment at the junction point of the outside 
bent, find the elastic area and elastic centroid. 

(b) Apply a unit vertical force at the junction and find the mo- 
ment of inertia about a vertical axis through this junction and the 
product of inertia about horizontal and vertical axes through this 
point. Reduce these to the centroid. 

(c) Apply a unit horizontal force at the junction and find the 
centroidal moment of inertia of the combination for a horizontal axis 
through the junction. Reduce this to the centroid. 

(d) Substitute these elastic properties for those of the pier in the 
next bent; proceed as above and continue to include any desired 
number of bents. 

(e) In a similar way the elastic loads are to be combined for one 
bent after another. 

(f) The reactions having been determined for the last bent of the 
series (which may be the center bent, combinations having been made 
from both ends) these can be resolved back successively through the 
series. 

This method has enough value to justify reference to it, though, 
even in the case of continuous arches, other methods are more 


convenient. 
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VI. AppLicaTIONS or THEOREM 


25. Fields of Application of Theorem.—The theorem here pre- 
sented has several fields of application: 

(1) In the routine analysis of symmetrical and unsymmetrical 
arches and bents for loads, either gravity or inclined, for temperature, 
for shrinkage, or for abutment displacement. 

(2) In determining moments at the ends of beams fixed at ends 
and in determining other properties of such beams, such as the end 
moments corresponding to unit rotation at end, for use in connection 
with various methods of analysis of continuous girders or frames.* 

(a) It is possible thus to determine constants for use in the 
general equations of displacements. These equations state that 
terminal forces and moments on a member are the sum of those 
due to known loads on the member or distortions in the member 
when the ends are fixed and to any displacements or rotations of 
the ends, known or to be determined. A special case of these 
equations, applicable where the members are straight and of uni- 
form section, is known in American literature as the equation of 
slope-deflection. 

Values of terminal forces in terms of the unknown terminal 
displacements may be substituted in the equations of static 
equilibrium of the joints. These equations may then be solved 
for the terminal displacements. 

When the joint displacements have been found the terminal 
forces may be computed from the original equations of displace- 
ment. 

(b) Constants may be determined for equations which state 
the existence of continuity at the joints. Of these the theorems of 


*Loce. cit., page 48. 


————————————— 
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three moments and of four moments are special examples of 
limited application. 

(c) Terminal forces may be determined for known loads or 
internal distortions on the assumption that the joints are not dis- 
placed and then the unbalanced terminal forces may be distrib- 
uted among the connecting members in proportion to their re- 
sistance to end displacement. In a special case this is done by the 
method of moment distribution. The constants needed may be 
determined by the column analogy. 

(d) In routine computations of slopes and deflections. 


26. Methods of Analysis of Continuous Frames.—This bulletin does 
not deal primarily with methods of analysis of continuous frames, but 
only with the analysis and elastic properties of the individual mem- 
bers of which the frame may be made up. Some comments on meth- 
ods of analysis of such frames is needed to explain applications of the 
column analogy indicated. 

Methods of analysis of continuous frames may be divided into 
those involving internal work of the frame, such as the method of 
least work, and those involving the geometry of continuity. That all 
methods are really the same will at once be realized but their relations 
to each other will not be discussed here. 

Of the geometrical methods of analysis we may distinguish those 
in which the displacements of the joints are treated as unknowns and 
those in which the terminal forces acting on the members at the joints 
are treated as unknowns. The former are represented in a special case 
by the method of slope-deflection; the latter are represented by the 
theorem of three moments and by the theorem of four moments. 

The method in which the joint displacements are treated as un- 
knowns might be called the Method of Joint Displacements. In this 
method the terminal shears and moments are written in terms of the 
joint displacements. The equations of statics—the forces balance at 
each joint—are then written for each joint. From these the terminal 
displacement is computed. The terminal displacement being known, 
the shears and moments may be found. 

In the other method of analysis the terminal slopes and displace- 
ments are stated in terms of the terminal shears and moments. The 
equations of continuity which state that the displacement of a joint 
is common to the ends of all members meeting at the joint are then 
written for each joint. From these equations the terminal shears and 
moments are found directly. The equation of three moments is a 
familiar illustration of an equation of joint continuity. A less familiar 
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illustration is the equation of four moments. This method might be 
called the Method of Continuity. 

It is well to distinguish the method of slope-deflection from the 
equation of slope-deflection; the method, which seems to have been 
restricted to straight members, consists in treating joint rotations and 
displacements as unknowns in equations of static equilibrium for 
the joints. The equation of slope-deflection is merely one of many 
forms of the equation which relates the terminal forces to the loads 
and terminal displacements of a straight beam. The method of slope- 
_ deflection may be used without using the particular form of equation 
known as the equation of slope-deflection or the equation of slope- 
deflection may be used without using the method of slope-deflection. 

If we write the end moments and forces in terms of loads and end 
displacements, we can derive from these expressions for the end ro- 
tations and displacements in terms of loads and end moments and 
forces. Displacements of the ends of all members at a joint are equal 
and angular rotation at the ends of all members meeting at a joint are 
equal. These displacements and rotations being in terms of end mo- 
ments and forces on the beams and of the physical properties of the 
beams, the equations can be solved for the end moments and forces. 

The Method of Terminal Force Distribution will not be discussed 
here. It is more closely related to the Method of Continuity than to 
the Method of Joint Displacements. 


27. General Equation of Displacements and Slope-Deflection.—The 
general equations of end forces at any joint, A, of a structure may be 
written as follows, provided, as is usually true, the principal axes of 
the members are parallel and normal to each other: 


da 
M, ea oaNa cau boraN a = (Ag ee Ab) 73 + M’, 


AMS Tas hada — body 
It Ve: 

M, and F, are total end moment and end force (thrust or 
shear) in the member 

(Note that in general there will be two equations of force at 
any joint, one for horizontal and one for vertical forces.) 

M’, = moment which would exist in the member if there were 

no rotation or displacement of the joints. 

F’, = force which would exist in the member if there were no 

rotation or displacement of the joints. 


$a, Aq are respectively rotation and displacement at the joint 
considered. 


Py 
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go, Ap are corresponding quantities at the other end, B, of each 
member successively. 

Nis the moment at joint A corresponding to a unit rotation of 
this joint, the other end being fixed. 

rq is the carry-over factor at A (the ratio of the moment at B 
due to a unit rotation at A to the moment at A due to such 
a rotation.) 

I, is the elastic moment of inertia about the centroid for any 
member. 

d is the distance of either end from the centroidal axis of a 
member. 

From these general forms and the equations of static equilibrium 
we may write the equations for every joint in a complex structure 
such as a continuous arch series or a Vierendeel truss. These equa- 
tions may then be solved simultaneously for displacements and from 
these the moments, shears and thrusts may be determined. 

The use of such equations, requiring a carefully selected conven- 
tion of signs with resulting possibility of error from this source and 
involving simultaneous solution, is to be thought of as a research tool 
and rarely as a tool of design. 

If there are no joint displacements, or if it is convenient to make 
separate allowance for such displacements, the process is much 
simplified. We then have, from 2M = 0, 


YEE UdoraNa 
ae SN. =N. 


the signs depending on the convention used. 
This, perhaps, is more conveniently written, 


M'. TaN a 


a = 2 DNG —- Zp DV 
If connecting members are treated as prismatic, 
I 
Nw = 4 a m= -— 
a 
M’, L 
da =X — Zoo 
22 z 22 s 
L L 
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If, further, the values M’, are due to known rotations of the bars, 


6A yh 
M’, =z; = 6H 7 ¥ = 6EKy 
Da 


K 
Oa = OY 55K we = OOS 


which expression is convenient in finding secondary stresses in trusses. 
Or this may be derived from the fundamental equation above 


d 
=M’, Dore uae eee 
IST. ZN, SK 
I Aa — Ad 
MA Taha ODD ING aye cme aon es J hy = Sy 
deme 
Sen pes 


382Ky  x=Kdy 
Po = 9sK 7 OK 


These discussions include any combination of bars of any shape 
or form provided the axes are parallel or normal to each other, and it 
is not very difficult to extend the method to include skewed axes. 
The slope-deflection equation for prismatic beams, 


2HI 
Se pe (262 + go — 3y) 


may be derived in a number of ways and follows from the first general 
equation when 


L?2 
Tee HAVE Pi he a 

Na SOAK ta == 72 Re ceo eae ee ian 
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The interest in the equations at present, however, is chiefly in the 
utility of the column analogy in evaluating the constants M’,, F’,, 
dz, I,, Na, and V, for the members. 
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VII. ConcLusion 


28. Concluston.—The paper is restricted to geometrical relations 
and does not discuss applications to design. Its thesis is simply that 
moments, shears, slopes, and deflections of beams due to any cause 
may be computed in just the same way and by the same formulas as 
are used in computing reactions on a short column eccentrically 
loaded or as would be used to compute shears and bending moments 
on longitudinal sections through such a column. 

The column analogy is a convenient tool of mechanics, a somewhat 
mechanical device for a structural engineer, but one which seems to 
give desired results with a minimum of thought as to method of 
procedure or sign conventions. In the study of continuous frames it 
becomes auxiliary to methods for the analysis of such frames. 

The most obvious application is in the analysis of single span 
structures; perhaps its most important applications occur in the study 
of continuous bents, arches, and beams. 
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